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KPAEBASI 3AJJAYA JIJ1S1 MHOTOMEPHOT'O IPOBHOI'O
TA®PEPEHINAJILHOTO YPABHEHUS
AJIBEKITAU-TU®DY3INN

BbinucaHo B SIBHOM BMAEe pelleHue NepBoW KpaeBOW 3afayu Afsi MHOrOMEPHOro
ApobHoro anddepeHumansHoro ypasHeHus agsekumn-guddysmn. NMpmeegeHo gokasa-
TEeNbCTBO TOrO, YTO HAWAEHHOE peLleHne KpaeBOW 3afayn yOoBMNeTBOpPSET 3adaHHbIM
KpaeBbIM YCMOBUAM.

KnioueBble cnoBa: ypaBHeHve Apo6HOro nopsaka, ApobHas nponssogHas, dyHk-
uns Muttar-Ileddnepa, cobcTBeHHble PyHKUMKN, MeToa Pypbe, koahduLmeHTsl Pypbe.

PaboTa mocpsileHa pelIeHMIO TMEpBOM KpaeBOM 3agadd AJisi MHOTOMEPHOTO
T QepeHInaNIbHOTO YpaBHEHHS aiBeKUuH-auddy3un

D/u(x, y,t)=Dyu(x, y, t)+ Dju(x, y, t); (1)
u@,y,t)y=u, y,t)=0; ()
u(x,0,t)=u(x,1,t)=0; 3
u(x, v, 0)=o(x, y), 4

rne DJu(x, y, t), Dﬁu(x, y, t), D/u(x, y, t) — npousBomausie IpoGHOTO (B CMBICIE
Pumana — JInyBuiuist) nopsiaka, e 0 <y <2, 1 <a, B <2 [1].

Kpaesble 3agaun 1uis auddepeHnnanbHbIX ypaBHEHUH APOOHOTO MOPsIIKA BO3-
HUKAIOT MIPU OMUCAHUU MHOTUX (PU3MYECKUX MPOLECCOB CTOXAaCTUYECKOTO EPeHO-
ca Ipy M3yYeHUH PUIIBTPALUH )KUAKOCTH B CUIIBHO MOPUCTOM ((hpaKTaiIbHOM) cpere
[1—S8]. Mnorma mogoOHble ypaBHEHHs Ha3bIBAIOT €IIE YPAaBHEHUSIMH MeEIJICHHON
muddysun (cyomuddysun). Ilpu sToM crenyer 3aMeTUTh, YTO MOPSIOK APOOHOM
MIPOM3BOHOM CBSI3aH ¢ pa3MepHOCThIO PpakTana [9—I11].

Huddepenumansuoe ypasuenune quddysun qpodHoro nopsaka (1) onucsiBaet
HBOJIIOLIUIO HEKOTOPOH (PM3NUECKON CUCTEMBI C TOTEPSIMHU, IPUUEM MOKa3aTeu d, 3
1 Y APOOHBIX MPOU3BOAHBIX YKA3bIBAIOT HA JIOJIO COCTOSHUM CHCTEMBI, COXPaHSIIO-
LIMXCS 32 BCE BPEMsl IBOMIOUMHU. Takue CHCTEMBI MOTYT OBITh KIaCCH(PHULINPOBAHBI
KaK CHCTEMBI C «OCTaTOYHON MaMSThIO», 3aHUMAIOIINE TPOMEKYTOUHOE MOJIOKEHUE
MEXKIY CUCTEMaMH, 00JIalaloIuMK «IIOJHOM MaMSThIO», ¢ OMHON CTOPOHBI, U Map-
KOBCKUMH CUCTEMaMH, C APYTOil.

B nannoii paboTte B SBHOM BHJIE BHIITICAHO PELICHUE KPaeBOH 3aa4u A1l MHO-
TOMEPHOTO ApoOHOTO AN (HEepEeHINaTBLHOTO ypaBHEHHUS.

Wrak, paccmarpuBaetcs kpaesas 3adaua (1)—(4). UmeeT mecTo cienyromas
meopema:

Oyukmus U(X, Y, t)= i ¢, E (%, +1,)t)x7E, . (A, X" )y By (1,Y°)

n,m=1

sIBIIsieTCS perieHueM 3aaaqn (1)—(4).
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0 Zk
3necy E_ 4 (2)= ) ——— — wusBectHas ¢yHkums Mutrar-Jlepdaepa, a
? kZ:.;F(B+0tk)

®,,, — COOTBETCTBYIOIIHE kodppunmentsr Oypoe [1].

Jokazamenvcmeo. byneMm HMcKaTh Takoe HEMPEpBHIBHOE B 3aMKHYTOH obiactu
(0<x,y<1,0<t<T) peuenue apodbHoro auddepenimaibaoro ypasaenus (1),
KOTOpO€ YAOBJIETBOPSIIO OBl 33JaHHBIM OJTHOPOAHBIM IPAHUYHBIM YCIOBUAM (2), (3)
Y HA4aJHbHOMY YCIIOBHIO (4).

Boo0iiie, kak mpuHSTO MpU pelIeHrH MoJ00HBIX 3a1a4 MeTonoM Dypwe, cHa-
Yajia pacCMOTPUM OCHOBHYIO BCIIOMOTaTeNnbHyI0 3a1a4y. CyTh 3TOH BCIIOMOTaTeNb-
HOM 3aJ1a4M 3aK/IIo4aeTcs B HaXOK/IEHUH HeTPUBHAIILHOTO perieHus ypaBHenus (1),
YIOBJIETBOPSIIOIIETO OTHOPOAHBIM I'PaHUYHBIM yciaoBusM (2), (3). IlpeacraBum uc-
koMoe perenue U(X, Y, t) 3agaun (1)—(4) B Buie Npou3BeACHUS:

u(x, y, t) = XC) Yy T(o), )
rae X(X) — ¢yHKuus, 3aBUCSIIas TOJIBKO OT epeMeHHo# X; Y(Y) — dyHkmus, 3a-
BUCSINAS TOJBKO OT mepeMeHHow Y; T(t) — dyHKIwus, 3aBUCSIIast TOJILKO OT mepe-
menHo# t. [ToncraBuB npennonaraemyo Gopmy perieHust (5) B ypaBaenue (1) u
pasnenuB o0e YacTH 3TOro ypaBHeHUs Ha mpomsBeneHue X(X)Y(Y)T(t), momyuum
ypaBHEHHE

DIT(H) _DyX(x) DY (y)

: (6)
T(r) X (x) Y(y)

o DPY ¥
B ypaBHeHuu (6) monoxum D, X (x) =A,— ) =1, Torma LALU) =L+l

X(x) Y(y) T(1)
W3 nociaeqHux COOTHOWICHUH ClIeyeT:
D, X(x)=AX(x), I<a<2; (7
DY (y)=1Y(y), 1<p<2; ®)
DITt)=(A+DT(t), 0<y<2. 9)
B takom ciydae, rparnuHbie ycioBus (2), (3) garot:
X(0)=0, X(1) =0; (10)
Y(0)=0, ¥(1)=0. (11)

Takum o6paszom, 1uist onpeaeneHus GyHkuuit X(X) u Y(y) MbI TOTyYHIIH TaK Ha-
3piBaeMble 3a1auu L typma — JlmyBums (7), (10) u (8), (11) (3agaun Ha coOCTBEH-
HbIC 3HAUCHUS) BUJA

D;o(X) =Ao(X), ®(0)=0, o(1)=0, 1<a<2, 0<x<1. (12)

3anmaua Bunaa (12) uzyuena B [1, 13, 14]. B atux padorax mokasaHo, 4TO TOJIBKO
JIsl COOCTBEHHBIX 3HA4YCHUH A , sBnsiomuxcss Hynsamu ¢ynkuun E,  (X), cyme-
CTBYIOT coOCTBeHHbIE (pyHKIMH 3a1a4u (12), paBHbie ®,(X) = Xa_lEa,a (knxa )

W3 BBILIECKA3aHHOTO CIEAYET, YTO coOCTBeHHbIe QynKiuu X (X) u Y (y) 3ama4
(7), (10) u (8), (11), cooTBETCTBYIOIME COOCTBEHHBIM 3Ha4YeHUAM A 1 | cooTset-
CTBEHHO Oy/IyT PaBHBI:

X, () =x""E,, (A.x"); (13)
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Y, () =y"E;,(1,5"). (14)
Ypasuenne Buaa (9) mzyueno B [13, 14], B KOTOPHIX MTOKa3aHO, 9TO COOCTBEH-
HBIM 3HAYCHUSIM (Xn +1 ) apsomumcs Hynavu ¢ynkuun E (A +1), coorser-

m)°

CTBYIOT coOcTBeHHbIe QyHkumu Bupa T, (H)=9¢, E ((kn +|m)ty), e ¢, —
HEompe/IeIeHHbIE MToKa K03 OUITHESHTHI.

Ecnu BepHYTBCS K OCHOBHOM BCIIOMOTATEJILHON 3a/ade, TO BUJHO, YTO (YyHK-
812031

U, (% y,.)=0, E ((kn +1,)t )x“’lEa,a (x,,x“ ) = (Im yﬁ)
MPEACTABISIOT COOOW YacTHBIC pemieHus ypaBHeHUs (1), KOTOpbIe YIOBIETBOPSIOT
HYJIEBBIM TPAaHUIHBIM yCIOBHIM (2), (3).

[anee oOparumMcs K perieHuto ucxoaHou 3aaauu (1)—(4). @opmaibHo cocra-
BUM PsiJT

U(X, Y, t) = i Pom Ev,l ((7\‘" + Im )tY ) Xu_lEa,u (?\'nxq ) yﬁ_lEﬁ»ﬁ (I”’yﬁ ) (15)

n,m=1
Oyuxmus U(X, Y, t) mpeacraBienHas B Buae psana (15), ymoBiaeTBopseT 3amaH-
HBIM TPaHUYHBIM YCIOBHSIM (2), (3), Tak Kak 9THM YCIOBHUSIM YAOBIETBOPSIOT BCE
wieHsl psga (15). [lorpeboBaB Teneph BBHITIONHEHUS! HAYAJIBHOTO YCIOBUS (4) mis
psaa (15), Mbl omy4nM

9006 V) =u(x, v, 0= 3 o, X, . (1,1 )y"E,, (1,y") (16)
n,m=1

©

B [15] 6bu10 MOKa3aHO, YTO cHcTeMa (GyHKIMI BUIa O, = {X“’1 E.. (ana )} )
: .

obpasyer 6asuc B L,(0,1). Tak xak 6azuc o, = {X‘H Eoo (an“ )} | HE OTOTOHAI-

n=:
HEIH, TO BMecTe ¢ cucteMmamu (13) u (14) Oymem paccMaTpuBaTh CHCTEMBI

X,00={1=""E,, (A, (1-%")} (17)

0
n=1

L) ={0="E, (1,0-2P)) (18)
KOTOpBIE SIBIISIFOTCS OMOPTOrOHaJNbHBIMU K cucteMam (13) u (14) cooTBeTCTBEHHO
[16, 17]. Boobmie roBopsi, cuctemsr (17) u (18) — 310 crcTeMbl COOCTBEHHBIX (hyHK-
oyt 3a7a4, conpsbkeHHbIX ¢ 3aaadamu (7), (10) u (8), (11) coorBercTBenHo [18].

Tenepb HensBecTHbIC KOOQ(UUMEHTEL ¢ MOXHO OIPEJCIUTh U3 PaBCHCTBA
(16) c momonipto cucrem gynkmumii (17) u (18):

9, =(o(x, ). X,7,), (19)
2

__ 20— _
rae ((p(x, »), XnYm) — CKaJsIpHOE Tipou3BeneHne GyHKmi @(X, y)W ulXy.

Hokaxem reneps, 4to psix (15) ¢ kospduimenramu @, , KOTOPbIC OIpPeeIs-
foTcst o popmyie (19) ymoBaeTBOpsET BCEM yCIOBUAM HcXoaHoU 3ana4u (1)—(4).
J11st 5TOr0 HEOOXOIUMO J10Ka3aTh, UTO (DYHKIMS, KOTOpas onpeaensercs psaoM (15)
nmudepeHnupyema, yaosieTBopsieT ypaBHeHuto (1) B oomact 0 < X, y < 1,t>0wm
HempepbIBHA B TOUKAX IPaHuIlbl 3Toi obmactu (mput=0,x=0,x=1,y=0,y=1).
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OtMmernM, uto ypaBHeHHE (1) muHeitHO. [lo3TOMY, psil, COCTaBICHHBIH U3 €TO
YACTHBIX PEIICHUH, B CUITy MPHUHITUIIA CYTICPIIO3UIINH, TAKKE OYCT SIBISATHCS periie-
HUEM, €CJIH OH CXOJIUTCS U €ro MOXHO JU(PPEpEeHIIUPOBATh MOUWICHHO OJMH pa3 Io
(0 <y <2)wm gBaxasl o X m 1o Y(1 < a, B <2).

Joxaxem, uto st iio0bix 0 <X,y <1wu 0 <t<T psax (15) cxoqurcst abCOMOTHO.
Tak kak moctaTouHo GonblIKeE 10 MOAYIHO Hyu | Gpynkunn E (knx" ) HaXOJATCS

BHE 3aMKHYTOTO yIJIa {Kn farg(2,) S%}, TO arg(kn)>g [19]. B sToMm ciyuae
CIIpaBeTNBa clemyromias omenka [19]:
1
E <—n 20
ot,B(Zn) 1+|Zn| ( )
IIpu aTom [19],
|z,|~0O(n"). 1)
Takum o6paszom, yuautbiBas (17), momydaem Ciieyonme COOTHOIICHHS:
1
E, (A +I JW<——; 22
| o (botl) | 1+|(ln+lm)t7| @)
(I p—— (23)
’ 1+, x*
By (LY) < (24)
oo WY ST ]
Temeps, cormacuo (21)—(24), onternBaeM psif (15) mo MomyITto
a- AR 1
o B () P T . @9
PaccMOTpUM MasKOPUPYIOIIUH Psij
= < 1
a = , 26
n,;l o n,m:l‘nzamﬁ‘ + n“mzﬁ‘ (20)

KOTOPBIH SBISICTCS CXOSIIUMCS PSIIOM.

N3 cxogumocTi MayKopaHTHI (26) ciieayeT cXxonuMocTs psiaa (15).

[Mokaxxem Terepsh, uto pu t >1 >0, rae T — r000E BCmOMOrarenbHOE YHC-
JI0, PSAIBI TPOU3BOHBIX

z D/u,.,. (XY, 1), Z Diu,.,. (X y, 1), Z DPu, (X, Yy, t) cxomsres paBHO-

n,m=1 n,m=1 n,m=1
MepHO. [ 3TOro 1I0CTaToYHO MOKa3aTh CXOJAUMOCTD PSI0B
= Au = 52U = 9%U
Z ”"",Z "””,z 2, Tak Kak 0 <y <2, 1<a,B<2
n,m=1 at 8}’

2
n,m=1 ax n,m=1

CdopmynupyemM IONOJHHUTENBHBIE TPeOOBaHMS, KOTOPHIM JOJDKHA YHOBJIETBO-
patb dyHkuums O(X, Y). [Ipennonoxum cHavaa, uto (X, y) orpaHuYeHa, |(p(X, y)| <M.
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Torma (pn»m‘z 4 <4M, orkyna cueayer, yUuThI-

[0t X, ()7, () Judy

d 1
Basi, 4TO aE(w(z) :E[EQ,B_I(Z)—(B—I)EQ,B(Z)]:

e t)|<4M Iv(x +1| )T B (0 1,00 )X B (1,X7 )Y By (1Y) < 4M
s t>t. .
AHAIIOTUYHO, YIUTBIBAS, YTO (%} [Zﬁ’l Eop (ZOL )] = 7Pt Eopn (ZOL ) :

azun,m (X’ y’ t)

| <M B (1) T )X (1) Y B (1Y) <M s

t>t;
o%u, (X ¥, 1)

2

<4M

E, (%, +1,)0 )X E, . (2, X" )Y Eypa (1, )‘ <IM s

t>t.

W3 BeImensnokeHHoro cieayet, uro npu t > 0 psax (15) npeacrasnser codoit
¢bynkmio, muddepeHIupyeMyo TTOUICHHO OIUH pa3 1Mo t 1 Ba pazamo X M mo Y, a
3HAYUT, UMCIOTIYIO TTPOU3BOIHBIC TTOPSIIKOB ¥, oL M 3, Tak Kak 0 <y <2, 1 <a, B < 2.

B 3axurouenne oTMeTHM, 9TO TIepBasi KpaeBas 3ajada i JIMHEHHOTO IPOOHOTO
mrddepeHIInaTsHOTO YPaBHEHUS aIBEKITUU-TH(PPY3UH C HYJICBHIMH TPAHUIHBIMA
YCIIOBUSIMH ¥ HETIPEPHIBHBIM HAYaJIbHBIM YCIOBHEM pEIIeHa MOJHOCTHIO, TPHYEM
pelreHa B SIBHOM BHJIE.

[TomydenHbie B TaHHOW pabOTe pe3yabTaThl MOTYT OBITh UCTIOIH30BAHBI B TEO-
pun GUIBTpAMA )KUIKOCTH U Ta30B B (PpakTaIbHOM cpelie, a TAKKe IPU MOJIEITHPO-
BaHUM M3MEHEHUS TEMITepaTyphl B HEOAHOPOIHOW HArPETOH TIIACTHHE.
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M.V. Khasambiev

BOUNDARY VALUE PROBLEM FOR MULTIDIMENSIONAL FRACTIONAL
ADVECTION-DISPERSION EQUATION

In recent time there is a very great interest in the study of differential equations of
fractional order, in which the unknown function is under the symbol of fractional deriva-
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tive. It is due to the development of the theory of fractional integro-differential theory and
application of it in different fields.

The fractional integrals and derivatives of fractional integro-differential equations
are widely used in modern investigations of theoretical physics, mechanics, and ap-
plied mathematics. The fractional calculus is a very powerful tool for describing physical
systems, which have a memory and are non-local. Many processes in complex systems
have nonlocality and long-time memory. Fractional integral operators and fractional dif-
ferential operators allow describing some of these properties. The use of the fractional
calculus will be helpful for obtaining the dynamical models, in which integro-differential
operators describe power long-time memory by time and coordinates, and three-dimen-
sional nonlocality for complex medium and processes.

Differential equations of fractional order appear when we use fractal conception in
physics of the condensed medium. The transfer, described by the operator with fractional
derivatives at a long distance from the sources, leads to other behavior of relatively small
concentrations as compared with classic diffusion. This fact redefines the existing ideas
about safety, based on the ideas on exponential velocity of damping. Fractional calculus
in the fractal theory and the systems with memory have the same importance as the clas-
sic analysis in mechanics of continuous medium.

In recent years, the application of fractional derivatives for describing and studying
the physical processes of stochastic transfer is very popular too. Many problems of filtra-
tion of liquids in fractal (high porous) medium lead to the need to study boundary value
problems for partial differential equations in fractional order.

In this paper the authors first considered the boundary value problem for stationary
equation for mass transfer in super-diffusion conditions and abnormal advection. Then the
solution of the problem is explicitly given. The solution is obtained by the Fourier’s method.

The obtained results will be useful in liquid filtration theory in fractal medium and for
modeling the temperature variations in the heated bar.

Key words: equation of fractional order, fractional derivative, the Mittag-Leffler
function, eigenfunction, Fourier method, Fourier coefficients.
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